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WHAT ARE HYPERSTRUCTURES :

WE KNOW AND LOVE ALGEBRAIC STRUCTURES.

e . g,
Groups ""070mh RINGS

·

t
bloc2)a40s.

**

7355867

고

THEY'RE DEFINED

IN TENUs Of BINARY UPERATIONS
,

FUNCTIONS GXG -> G .

(a, 6) 1> a + b
72 inposs ,

I otous,



WHAT ARE HYPERSTRUCTURES :

ONE COLLD ASK : "WHAT KING Of MATHEMA-

TICAL THING DO I GET If I ALLOW THE

AUDITION ON My MONOIO/GHOVORING/FIELO To

B MULTI-VALUED : "

In other words : "What if my 'aboition

LAW' HAS THE FORM

G + G → P(G )

INSTEAD of GxG- > G ?
"



WHAT ARE HYPERSTRUCTURES :

OFAY ,
ONE COULD ASK THAT

,
BUT WHY

一

WOULD THEY FIRST
,

TERMINOLOGY :

_

a set X Equipped With a Function

X - X *> P(X)1S CALLO a HYPErMAGMA .



WHAT ARE HYPERSTRUCTURES :

A HYPERMONO1O 1S AN

e. gy

AsSOCIAtive ,
uNTaL HYpermAgra .

Any Monoio (X ,+, e) 1s a HYPERMONOID

VIA
×☆ Y - = {×*} ,

出 = e系



WHAT ARE HYPERSTRUCTURES :

e . g., a mosaic is a non-associative ,

UNitaL reversibe HypernaEnt .

↑ "Corred" notion of inverses

If G 10 A Group to HEG ,

The DOVEL COSETS High are a

MOSAIC WITH

HgH * HhH : = EHjH : jeHgHhH3 .

A := HegH ,
(HgH)":= Hg"H .



WHAT ARE HYPERSTRUCTURES :

CENERIC
"STRUCTURED" HYPERMAGMA : WILL SAY

HYPERSTRUCTURE .

TURNS OU, THAT THESE APPEAR NATURALLY

When STUDYING Number Theory,
represent-

ATION THEORY
,

QUANUM ERROR CORRECTION:



HYPERSTRUCTURES IN THE WILL

←

ID≡A - Do ALGEE-

RAIC GEOMETRY

EVER "F" Tow-

ARD A proof

Of THE REMANN

HYOTHESIS- THE KRASEER HYPERFIELD

0 -+0 = =303, 1 +0 = =0 + 1 = =313,
IK = E 0

, 13 ams

1 + 1 = E0
,

1 국

ENOs Up Being a Good Candidate for

"

OFI
" IN THAT HomHRing(X, (k) = Spec X.



HYPERSTRUCTURES IN THE WILL

→
เปรA: 00

Representation

THEORY OF

COMPACT

QUANTUM GRONOS-AN CEL'Fang Pair

(G
,

H )
,

H ≤ G

GIVES RiseTo a Commutative HyperGrou

whose underlying set is TheDover

cosets of H In G



HYPERSTRUCTURES IN THE WILL

IDEA : CHARACTERIZE

Css cose states

As -A class Of

MA >20100 的

←
FACT : ANY MATROIO

Can be realized

CANONICALLY As A

MOSAIC.



THE POINT

HYPERSTRUCTURES ANE WORTH STROYING

If , you cam. ABorr QUANUM ALCOM

ANO/OR QUANUM ERROR CORRECTION.



THE PROBEM
ME,, A CATEGORY

THEORIST

!
All of
My

MATHEM ATICS

GIVEN A CAT .
It of HyperSTRUCTURES

'

WHAT ConstructionsCan be done

in 7) ?
1s in EiCompreTe.

morococc!Gree!



HMag,
HSemi

,

HMon
,

MSC ARE

THE PROBEM

roeDAND SYMETRIC

Harp 10 Nos!

LABORIOUS ,
CONSTRUCTIVE PROOFS

.

↑
IN A GOOO

WAY! -



THE PROBEM

FoR Gry ,
Ab

,
RMod

, LieAlgr <
ETC

.,

CLON=로
8.completeness ,

Mundial

STRUCTURE ,
-YMWETRY FOLLOW

fnom THESE BEING ALGEBUAIC

CATEGORIES . WHAT'S
That



UNIVERSAL ALGEBRA

AN ALGEBRAIC THEORY 15 A CATEGORY

WHOSE OBJECT ALL HAVE THE For

잔
θ

CATEGORICAL . . ... 4 .
=

pRodCT

fon some Distinguished dBjeLt

n

MOrPHISms · ->> Are Then

N - Any operations defined on 8

"BLUEPRIN FOR A Given Type of

"

A LGEBRAIC STRUCTURE .



UNIVERSAL ALGEBRA

A MODEL of An ALGEBRAIL THEORY I

Is A Functor T -> Set WHICH

Preserves finite Products.

"TAKE YOUR COLUEPRINT AND BUILD IT.

"

An ALGEBRAIC CATEGORY 15 ONE WHICH

↳ Equivale TOThe Category of

MODELS FOR SOME ALGEBRAIC THEORY .

.
In Particular ,

Mod [ < [I
,
Set] ·



UNIVERSAL ALGEBRA

(THEORY OF ABELIAN GHOUPES

eg,

TAb HAs IN As OBJECS And

To (n ,
k) = Matexn (E) .

Any Geab
defines a functor

R '
→ GX . XG( nTim.)

1-Maten1
+((] + 1())

/PRODUCT PRESERVING : nxk = n + k
.)



UNIVERSAL ALGEBRA

In the opposite direction
,

Given

F: Tab -> Set
,

se7 G := F(1) .

DENOTE m : = [ 1 17 : 2 -> 1

6 - = [ : ' : } - 2
→ 2 , 9 : 10 ] 1 →

THE AXIOMS Of AN AGELIAN GROUD

FOLLOW From FUNCTORIALITY-

(F(Ab) = F(a)f(b))



UNIVERSAL ALGEBRA

ForExAmpe (RIGHT UNITALITY)

my
= <13/ : )

= (1) ,

0 (" る [¿ }[ g } =[ い 3[ ]
= gt o

= g
= [ ' J[ g ]

AND CABELIan-ness]
m6 = =1 < 1 3 /0 3 =

> 1 1 3 : m

50

413(0, ]/g] = n + g
= g

+ h = (113/]



UNIVERSAL ALGEBRA

FORI A THEORY
,

Mod T :

· AUMITs A SYMETRIC MONOIDAL

CLOSED STRUCTURE VIA DAY

CONVOLUTION

∅ 15 COMPETE And COCOMPETE.

THIS WHOL SETUP GENERALIZES TO

Categories : functors enriched
'

Over Of SymMonCI .



THE PROBEM

HYPERSTRUCTURES ARE ALLEBRAIC STRUCT-

URES ,
so In a JooT WORLD

,
THEY

Somehow FIT Into The UNIV.
ALG .

PICTURE .

HOWEVER : x
"I

, p(x) is not An

北 - ARy OPERATION ON !

JWMOuE ToEon,Ss



THE PROBEM

FACT .

FOR 5ETS X
,

Y

, suplat
mon,nivIvtnc

_

Hamset (Y" , p(x)) = Multouplat (@(YY, e(x))

= Mult
cA*(

P() ":× P(× )) .

i . e .,Thereis An R - Ar 2Y HYPER OPERATION

on Xt Set E THERE 10 An -ARY

operation on P(X) + CABA .

↑

compEte ATOMISTIC

GOOEAN ALGEErAS



THE PROBEM

THE GOAL BECOMES : SHOW THAT

HSemi
,

HMon
,

Mic are Enriches -

HMag ,

ALGEBRAIC OVER CABA .

THIS GIVES An Alternative Proof

OfThe properties
WE know

,

Plus realizations ofThese as

Finitary enriched
monats

,

etc.

[ALCEERAIC CAT
'

O ARE

VErY wice!)



THE SOLUTION

PROGUESS SO FAR :

⑦ SuplatIs known to BE YM-

METRIC MONOIDAL CLOSED
,

Br

CABA Suplat
Is NOT

.

THEOREM .
(R . ) THE CLOSED SYMETRIC

_

MONdIDAL STrUCTUre On SupLat

RESTRICTE To CABA .

"

CAN ENRICH OVER CABA .

"



THE SOLUTION

② write Down Famag ,

Tysemi,

Tymon ,
[Ms .

HMag ,
HSemi

,
HMou ARE STRAIGHT

Forwarr;



THE SOLUTION

②대 (R . ) THE CATEGORIES

HMag ,
HSemi ,

HMOn ARE ALGEERAIC

OVER CABA.

In Each Case ,
Take Y

ProOf.

To be The Free CABA-category

On THE VENRICHED THEORY,



THE SOLUTION

& Msc :
veral definition contains

THE FOLLOWING AXIOM -

(REVERSIBILITY) Ex, y,
ze (X , B)

,

It's NOT Obvious THAT ThisIs

EQUATIONAL .

NOTE IT'S EQUIVALN TO

Xyaz) = Naszly) = Nya(e) ,
so...

(Vx,y,z)



THE SOLUTION

②p. (R . S a unital Hyperacht

WITH

ERETREVEROIOE
{

O ,13
NO TIME

If Ψ
Für Off's

-

Bu 17 ExP -

RESSES EQUALITY

器 O야 INOICATOR

ENS -· 1 + /0

MOVOIDAL

structure
on

COMMUTES.

NOTE : 50 , 13 = P(A),
5o THIs GIVes A dIAGMAM In CABA .



THE SOLUTION

& (TO-00) VERIFY THAT DAY CONV-

OLUTION
Of ENRICHED FUNCTORS

COINCIDES WITH THE SYMETRIC

MONOIDAL CLOSED STRUCUE ON

HMag,
HMOn

,
MSC GIVEN In

、



FUTurE work

DEA2 QUICK : A MATROID IS A SET

With a notion of Which suesets

Are Linearly Independent,

· THERE10 A FUNCTOR

Matroido->> MSC.

WHAT TORT of Mosaic arises

From A MA TROIN - (CHARACTERIZE

The ESSENTIAL IMAGE . )



FUTURE work

· Can these results Be Formulatio

InTerms of mosaics ?

ANY "IDENTICALLY

SElf-DUAL" NaTrOIe

GIVES RISE TO A

↑ pOre-sTate Quanum 5
. 5. 5

.

- CSS Cove States

ARE "MINOR CLOSED

8INARY "MATROIDS



FUTURE work

· sympLectic matrolos Generalize

ORDINARY ONES DO THEY ALSO

Embro into some Cat.
of Hypers ?

CSS CODEs

HOMOGENONSüSYMPECTIC
MATROIUS.



FUTURE work

· We know Stuff

1800s Matroids
,

->

8O NOTHING

Abou THE CAT
.

Of SYMPEGIC

MaTrolos .

What's Goid' on In

THERE ?



thanks

-
for

listening
! I

"
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_


